Abstract-If the training dataset is not very large, image recognition is usually implemented with the transfer learning methods. In these methods the features are extracted using a deep convolutional neural network, which was preliminarily trained with an external very-large dataset. In this paper we consider the nonparametric classification of extracted feature vectors with the probabilistic neural network (PNN). The number of neurons at the pattern layer of the PNN is equal to the database size, which causes the low recognition performance and high memory space complexity of this network. We propose to overcome these drawbacks by replacing the exponential activation function in the Gaussian Parzen kernel to the complex exponential functions in the Fejér kernel. We demonstrate that in this case it is possible to implement the network with the number of neurons in the pattern layer proportional to the cubic root of the database size. Thus, the proposed modification of the PNN makes it possible to significantly decrease runtime and memory complexities without loosing its main advantages, namely, extremely fast training procedure and the convergence to the optimal Bayesian decision. An experimental study in visual object category classification and unconstrained face recognition with contemporary deep neural networks have shown, that our approach obtains very efficient and rather accurate decisions for the small training sample in comparison with the well-known classifiers. Another possible solution for such a problem is the application of statistical approach [32] , in which the image recognition is reduced to a testing of hypothesis about distribution of an observed feature vector. The unknown probability density functions of each class (likelihoods) are estimated using either parametric or nonparametric techniques [20] . According to the parametric approach, the probability distribution family is fixed, and the parameters are estimated based on the given training sample. The most widely used family is the Gaussian distribution of the feature vectors or the [33] . One major limitation of this approach is that it works well only when the assumptions about the type of distribution are satisfied [34] . The effectiveness depends on the various conditions under which the models are developed and should be thoroughly tested before the models can be successfully applied. Thus, the data driven self-adaptive nonparametric methods have been widely used in practice [35] , [36] . These methods adjust themselves to the data without any explicit specification [34] . Such techniques are based on nonlinear models, which make them flexible in modeling real world complex relationships and were proved to converge to the Bayes-optimal decision surface.
I. INTRODUCTION
MAGE recognition tasks nowadays are usually solved with contemporary deep neural networks [1] , [2] . Such neural network models as convolutional neural networks (CNN) have reached a certain level of maturity when the size of the training set is large with respect to the number of different classes [3] . For instance, these models proved to be very efficient in such tasks, as optical character recognition [4] , [5] visual object category recognition [6] - [9] , pedestrian identification [10] , traffic sign classification [11] , etc. The task becomes much more complicated if the training database is not very large and contains only a small number of images per each class [12] , [13] . In such a case, the problem becomes very challenging due to the known variability of images and conditions of observations, e.g., illumination, noise, etc. [2] . To solve the image recognition task, an observed image and all instances in the database are processed in order to extract appropriate visual features [14] . A decade ago the traditional features of computer vision [2] , e.g., SIFT [15] , SURF [16] , or HOG [17] , [18] , were typically used. Now it is more common to apply the transfer learning techniques [1] , [19] . The deep CNN is trained with a very large dataset, and the output of one of the last layers of this network for the input image is used as its feature vector. After such extraction of feature vectors, any appropriate classifier can be used to make a final decision [20] .
If the size of the training sample is relatively small, the error rate of such state-of-the-art classification methods as support vector machines (SVM) [20] , [21] and the multi-layer perceptrons (MLP or feed-forward neural networks) [22] , is usually too high [23] , [24] . This small sample size problem is crucial in several recognition tasks, e.g., in the face recognition when only one reference image of each identity is sometimes available [25] , [26] . In such a case the instancebased learning approach [27] can be applied, e.g. the k-nearest neighbor (k-NN) method [20] , [28] . A variant of this approach is implemented in the DeepFace method [29] , which solves the face verification task [30] by training a CNN using an external large face database. The resulted high-dimensional feature vectors were classified using the 1-NN method with an appropriate dissimilarity measure (Euclidean metric, chisquared distance, etc.) [29] , [31] .
Another possible solution for such a problem is the application of statistical approach [32] , in which the image recognition is reduced to a testing of hypothesis about distribution of an observed feature vector. The unknown probability density functions of each class (likelihoods) are estimated using either parametric or nonparametric techniques [20] . According to the parametric approach, the probability distribution family is fixed, and the parameters are estimated based on the given training sample. The most widely used family is the Gaussian distribution of the feature vectors or the Probabilistic Neural Network with Complex Exponential Activation Functions in Image Recognition using Deep Learning Framework Andrey V. Savchenko 
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Thus, in this paper we examine an alternative possibility to increase the speed [14] of image classification using the deep learning framework [3] and decrease the memory space complexity of the PNN while preserving its Bayes-optimality property. Namely, we propose the novel modification of the PNN, in which the Gaussian activation function is replaced to the complex exponential function, i.e., the Parzen kernel is replaced to the Fejér kernel and the densities are estimated with the orthogonal Fourier series [47] - [49] . It is known that the orthogonal series density estimates converge if the number of terms (cut-off) is proportional to the cubic root of the number of observations [50] . Based on these results, we present an efficient implementation of the PNN with the Fejér kernel. Our implementation does not require the instancebased learning, so it is much faster, than the original PNN. It is demonstrated that the modified network still saves all advantages of the original PNN, such as fast training procedure and convergence to the Bayes decision.
The rest of the paper is organized as follows. Section 2 presents an application of the PNN [38] in image recognition using features extracted with the deep CNN [3] . In Section 3, our modification of the PNN with the complex exponential functions is introduced. In Section 4 we present the experimental results in visual object category recognition [51] and unconstrained face recognition [52] , [53] using the wellknown datasets (Caltech101, Caltech256, Stanford Dogs, PubFig83 and CASIA-WebFace) and the feature extraction with the popular deep neural networks architectures, e.g., GoogLeNet [8] and VGGNet [7] . Finally, concluding comments are given in Section 5.
II. PROBABILISTIC NEURAL NETWORKS IN IMAGE RECOGNITION
In image recognition task it is required to assign an observed image X to one of C>1 classes. The c-th class is specified by a set of
. The total size of the training set is equal to
( . We will assume, that this set is not very large, so it is not suitable for training a deep CNN from scratch. Hence, the variants of transfer learning are typically applied nowadays. At first, each image is described with a feature vector. The feature extraction is implemented with the deep CNN [1] . The CNN is pre-trained with an external large dataset, e.g., ImageNet [54] or CASIA-WebFace [55] . After that, the CNN can be fine-tuned to the given training set { } ) (c X r [56] . In fact, it is not necessary to use the neural network as a final classifier. Any appropriate machine learning technique can be applied to the features extracted by the original CNN. In this case, the outputs of one of the last (bottleneck) layers of this CNN for the input image X and each r-th reference image are used as the feature vectors. After that, this vectors are L 2 -normed in order to prevent the known variability to the observation conditions. As a result, D>>1
are extracted from the rth training image of the c-th class to obtain the instance. The outputs of the deep CNNs at the last layers are usually uncorrelated, though the PCA can be used further to reduce the dimensionality and make the features to be uncorrelated. The same procedure is applied to an observed image, and the
Let us discuss the usage of statistical approach to perform the classification. This approach assumes that the feature vectors from one class have the same probability distribution, and the task is reduced to the testing of C hypothesis C c W c , 1 , = about distribution of the observation x [20] . If the prior probabilities of each class are computed based on the number of class instances in the training set R(c), the maximum a posteriori (MAP) decision is written as follows:
(1)
is the conditional probability density function (likelihood) of the hypothesis c W . This likelihood is estimated with the given training set by using, e.g., the non-parametric techniques [36] :
( ) ( )
where ( )
is an appropriate kernel function. The classifier (1), (2) implements the well-known PNN [38] , if the Gaussian Parzen kernel is applied
Here σ is the smoothing parameter. Though this classification algorithm (1)-(3) can be learned very fast just by memorizing the whole dataset, its run-time complexity is equal to O(DR), and the space (memory) complexity also linearly depends on the size of the training set. This drawback obviously restricts the potential usage of the PNN. In the next section we describe the possibility to increase its performance by using other kernel functions based on the orthogonal series [48] , [49] .
III. PROBABILISTIC NEURAL NETWORKS WITH ORTHOGONAL SERIES

A. Fourier-series Estimates
It is known [35] , that the densities in (2) can be estimated with the orthogonal series kernel (trigonometric, Hermite, Legendre, etc.) instead of the Gaussian-Parzen kernel (3). However, the computational complexity of such procedure for one-dimensional feature remains identical to the original PNN. Moreover, the complexity becomes exponential for highdimensional feature vectors, if the joint distributions are estimated. However, in our task the outputs of the deep CNN are known to be approximately uncorrelated, so that it is possible to assume the independence of individual features. Hence, the naïve Bayesian rule can be used [20] to estimate the joint likelihood in (1) as the product of individual feature
where the probability density function of the d-th feature is written similarly to (2):
If the series of orthogonal functions { }
used to estimate the unknown density (5), the cut-off parameter J should be chosen to truncate the orthogonal series [49] . Hence, the kernel in (5) is approximated with the following expression:
As the feature vector was L 2 -normalized, the support of every d-th feature is bounded:
. In this case it is recommended to use the complex exponential orthogonal functions:
where
is the imaginary unit. Hence, the Gaussians (3) are replaced by complex exponential activation functions (7) .
Unfortunately, performance of this canonical form of the orthogonal series-based estimates (5) is J-times worse when compared with the PNN (1)-(3) due to the need for compute the kernel between each individual feature (6) . However, it is easy to show, that the function (6), (7) is equivalent to the Dirichlet kernel
Hence, the individual density is estimated as follows:
Here we added index J into
to emphasize its dependence on the cut-off. Thus, the complexity of the classifier (1), (4), (9) based on the orthogonal series remains linear -O(DRJ) -and is asymptotically equivalent to the original PNN [38] .
B. Proposed Approach
At first, it is necessary to highlight the limitation of the trigonometric series (7) applied to the estimation of the probability density function. Namely, the Dirichlet kernel (8) is not always non-negative. To prevent this drawback, in this paper we estimate the individual likelihood in (4) as the average of the first J partial sums (9):
It is easy to show that this expression can be written in the canonical form (5) with the (always non-negative) Fejér kernel:
This kernel is widely used in the orthogonal series expansions [48] . To simplify the computations further, we replace the equation (9) to the equivalent non-canonical form [35] :
where the Fourier coefficients
are computed using the given training set as follows:
By substituting equation (12) to the mean estimate (10), we obtain the final expression:
This expression makes it possible to reduce the classification performance to O(JD). This is usually a dramatic reduction, because the cut-off J is much lower when compared with the size of the training set. For example, it is known [47] , that the estimation (14) converges to the real probability distribution with the convergence rate ( )
, if the number of terms (cut-off) J is equal to ( ) [50] , [57] .
In practice, this parameter is chosen experimentally by minimizing the mean integrated square error [49] . For instance, Hart proposed the data-driven procedure to define cut-off ) ( * c J d [58] , which maximizes the following expression ( )
Unfortunately, our experiments show that if the cut-offs
depend on the class label, the recognition accuracy will be rather low. We decided that it is necessary to use the same cut-off in order to properly compare the estimated likelihoods in (1). Thus, we used the following heuristic. After computation of the optimal cut-offs ) ( * c J d (15) we calculate their median J* and used it as the value of parameter J in estimation of likelihoods (14) for all classes and features.
C. Implementation Details
Let us describe the proposed recognition procedure with several further details. During the training procedure, the neural network weights
are computed using the Fourier coefficients (13):
Next, the basis functions (7) are computed for each feature of the observed image. Though this procedure is quite computationally expensive, it can be simplified by using the known trigonometric rules:
These recursive computations are initialized as follows
Hence, the expensive trigonometric functions are computed only twice in the recursion initialization (18) for each feature of observed image. After that, the individual likelihoods are estimated (14) . As the resulted probabilities can be rather low, we convert them to the log-scale and maximize the loglikelihood:
The proposed approach (16)- (19) saves all advantages of the PNN [38] : it converges to the optimal Bayesian decision (1) and can be implemented completely in parallel. The new instance can be added even in real time. The following equation is used to refine the weights (16) ( )
The run-time complexity of such modification of the training set is equal to ( )
. It is slightly more expensive, than just an addition of a node to the pattern layer in the original PNN, but it is appropriate in practical applications. What is more important, the proposed approach provides much more faster on-line classification performance. We provide the evidence in the next subsection.
D. Proposed Algorithm
The complete recognition algorithm (16)- (20) is presented in Table I . Here we store the real and imaginary parts of the complex weights (16) and preprocessed input features (17) , (18) in independent arrays using trigonometric functions. The orthogonal series estimate [50] , [57] should theoretically converge if the cut-off parameter J is proportional to the cubic root of the number of samples. Hence, the runtime complexity of the density estimates (12) with the trigonometric series and a cut-off value can be defined as ( )
. As a result, the most important advantage of our algorithm (Table I) 
weights (16) are stored. Thus, such a modification of the PNN does not implement the memorybased classifier anymore [27] . ( ) The proposed PNN with the complex exponential activations functions is presented in Fig.1 . In this modification we implemented J* new kernel layers to compute the complex exponential activation functions (17) , (18) . The next, pattern, layer does not include anymore the comparison of new observation and all instances, as it is done in the original PNN with the Guassian Parzen kernel (3). On the contrary, only a sum of
products with the weights (16) are computed in this layer in Fig. 1 . Thus, the number of neurons at the pattern layer of our network is much less when compared to R neurons in the classical PNN. This dramatic reduction is achieved by using the outputs of 2DJ* neurons with trigonometric (or complex exponential) activations functions (17) , (18) instead of the matching of original feature vectors in the Gaussian kernel (3) of the PNN. The loglikelihood for each class is estimated in the summation layer. The last output (or decision) layer produces the class label with the maximal posterior probability (19) . In fact, though our approach is based on the implementation of the PNN with the orthogonal series kernel functions [35] , our network (Fig. 1) does not have much in common with the original PNN. At first, we use additional J* simple layers with 2D neurons in each layer in order to transform the feature vectors to the trigonometric space (7) . This procedure simplifies the final criterion (19) based on the non-canonical form of the densities estimates (12) . The latter includes only the linear combination of the outputs of the previous layers. Secondly, the PNN stores all features of all instances in the weights of the pattern layer. On the contrary, our network implements some kind of distributed representation [1] , so that each weight (16) in the pattern layer contains information about all instances of particular class (20) .
To draw the line, the usage of the complex exponential activation functions (7) instead of traditional Gaussians (3) made it possible to estimate the probability densities using the Fejér kernel (11) using non-canonical form (12), which does not require the brute force (5) of all instances from the training dataset. As a result, our network is expected to improve performance and space complexity of the PNN in approximately 
IV. EXPERIMENTAL RESULTS
In this section we compare the proposed modified network ( Fig. 1) with the original PNN (1)-(3) and the known reduction of the PNN [44] , which chooses several centroids in each class with the k-median clustering method and estimates the densities (2) using only these centroids [20] . In addition, we examine the k-nearest neighbor (k-NN) method, the nearest centroid (or Rocchio) method [59] , which is very similar to the PNN's reduction [44] and other multi-class classifiers implemented in the OpenCV library, namely, random forest (RF), MLP with one hidden layer, and SVM with linear and RBF (Radial Basis Functions) kernels [20] , [22] .
The deep learning Caffe framework [60] is applied to extract image features. Performance of these methods is estimated on a laptop (4 core 2 GHz Intel Core i7, 6Gb RAM) by using a console application (https://github.com/HSEasavchenko/HSE_FaceRec/tree/master/src/recognition_testing ) built in Qt 5 environment with Microsoft Visual C++ 2013 compiler (x64 environment) and optimization by speed.
The testing protocols for the datasets used in our experiments were specially designed to compare the accuracy of recognition methods for rather large training samples. That is why we implemented the following variant of the random subsampling cross-validation, which is suitable to examine the small-sample-size case. Every dataset is divided randomly 10 times into the training and testing sets, so that the ratio of the size R of the training set to the size of the whole dataset T is equal to a fixed number. We split each class independently in order to provide approximately identical ratio of the number of images in the training and testing set. In this paper we focus on the small sample size problem, so the ratio R/T was chosen to be rather low. As all the datasets are imbalanced, we estimate the accuracy of recognizing images from each class individually and computed the mean accuracy (i.e., a recall, as the classifier always returns one class). In addition, the average time to classify one image is measured.
The following classifier parameters were tuned for each number of instances in the dataset: the smoothing parameter σ (0.001, 0.005, 0.01, 0.015, …, 1.0) of the PNN, the number of centroids (1, 3, 5, 10) in the reduced PNN and the nearest centroid method, the size of the neighborhood k (1, 3, 5) in the k-NN, the number of hidden neurons in the MLP (64, 128, 256 and 512), the parameter C (0, 0.001, 0.01, 0.1, 1) in SVM. The cut-off parameter J* of our algorithm (Table I) was simply fixed to be equal to
in order to obtain an accurate estimation of the probability density for a very small training sample. Unfortunately, we cannot tune these parameters using only training sets because they are too small. Thus, we decided to use the extra datasets (Caltech-UCSD Birds 200 and the Labeled Faces in the Wild [61] ) for parameters tuning in image categorization and face recognition tasks, respectively. Though it is possible to obtain better results after parameters tuning with the same dataset as the training/testing set, we believe, that it is not a frank procedure, because it introduces a bias into the testing results. At the same time, the absence of such tuning for each individual dataset can lead to slightly worse results, which are reported in literature.
A. Object Category Recognition
The first group of experiments is devoted to the visual object category recognition task. We used three datasets with rather large number of classes:
1. Caltech 101 Object Category dataset [62] , which contains T = 8677 images of C=101 classes, i.e., we ignored the distractor background class.
2. Caltech 256 dataset [63] with T = 29780 images of C=256 classes (without clutter class).
3. Stanford Dogs dataset [64] with T = 20580 images of C = 120 classes.
To extract image features in preliminary steps of our algorithm (Table I) , traditional transfer learning techniques were applied. We downloaded two deep CNN architectures (19-layer VGGNet [7] and GoogLeNet [8] ) from the Caffe Model Zoo repository. These CNNs have already been trained to recognize images of 1000 classes from ImageNet dataset [54] . After that each RGB image from each dataset (Caltech-101, Caltech-256 and Stanford Dogs) was fed into the input of these CNNs. The outputs of one of the last layers (pool5/7x7-s1 for GoogLeNet and fc6 for VGGNet) were L 2 -normalized in order to produce the final feature vector with dimensionality D=1024 and D=4096 for GoogLeNet and VGGNet.
The dependence of the accuracy and classification time (in the format mean ± standard deviation) on the average number of instances per class for the Caltech-101 dataset and the GoogleNet features is presented in Table II and Table III , respectively. The best results are marked by bold.
Here, firstly, conventional SVM is the most accurate classifier only when the training set is rather large (more than 20 images per class). However, it is one of the worst methods (together with RF and MLP) for very small sample size. Performance of the linear SVM is very low and practically does not depend on the training set size R, because this model cannot satisfy the termination criterion, so the maximum number of support vectors (5050 in OpenCV) was always chosen. In contrast to the linear case, SVM with the RBF kernel was able to converge, so that the number of support vectors becomes an order of magnitude lower. Hence, it is several times faster, than the linear SVM, even if the computation of RBF kernel is time-consuming. However, the accuracy on the testing set (Table II) of the linear kernel is slightly higher when compared to the RBF. This result is not trivial, but it is typical for practical classification tasks in highdimensional feature space [59] . Secondly, the RF is the least accurate classifier in all cases, so we do not consider it in the most part of the next experiments. It is worth noting that RF and MLP are much faster than SVMs. The latter is a binary classifier, and the one-vs-all strategy is used by the OpenCV implementation in our multi-class task. That is why this matrix multiplication in linear SVMs should be repeated for each class. Thirdly, accuracies of the instance-based classifiers (k-NN and PNN) are approximately identical. As it is expected, their performance increases linearly when R is increased. The reduction of the PNN with clustering and the nearest centroids improve classification speed of the baseline PNN and k-NN, if the number of clusters is much less than the size R of the whole training set. However, the clustering causes an increase of accuracy on 2-3%, because the resulted decision looses the property of the Bayesian optimality. Finally, the proposed modification of the PNN (Fig. 1) is in most cases the best classifier. It is characterized with the highest accuracy for the small samples. For instance, it is 3-4% more accurate, than the PNN and k-NN, and 25-35% more accurate, than the state-of-the-art classifiers (RF, MLP and SVM), if the training set contains only 5 images for each class. Our modification is also one of the fastest classifiers. In fact, it is more preferable, than the original PNN, in all cases: our accuracy is 2-4% higher, and the classification speed is 1.5-3.8-times lower. It is important to note, that the classification time varies slightly with the linear increase of the size R of the training set. In the next experiment we used the same dataset, but with features extracted by the VGGNet. The results (Fig. 2, 3) are very similar to the previous experiments, but the classification complexity is higher, and the gain in performance of the proposed approach (Table I ) is more noticeable. (Fig. 1) . However, SVM with the linear kernel is more accurate even for rather small training samples (13 instances per class). It is remarkable, that the accuracy of SVM for these features is 0.8% higher than its accuracy for the GoogLeNet features (Table II) . At the same time, the accuracy of all other methods in this experiment decreases at 3-6% when compared to the GoogLeNet features.
In the next experiment much more complex Caltech 256 dataset is explored. The mean accuracy and classification time for features from the GoogLeNet are shown in Fig. 4, 5 . Conventional linear SVM is the most accurate, but very slow classifier for rather large samples. Besides MLP, which performance does not depend on the database size, the most efficient methods (PNN with clustering and the nearest centroid) include preliminary clustering of the training set. At the same time, their accuracies are up to 7% lower when compared to the original PNN and baseline k-NN. Finally, the proposed modification of the PNN (Fig. 1) is again one of the most efficient classifiers. For example, its accuracy is 3-8% higher, than the accuracy of the PNN (1)- (3) and the k-NN. Its speed is also rather high: an observed image is recognized 1.5-3.3-times faster, than with the PNN. What is important, performance of our classifier (15)- (20) does not decrease linearly with the increase of the size of the training set R. In the next experiment we present several results obtained for the Stanford Dogs dataset (Fig. 6, 7) . This task is the most challenging when the training sample is extremely small, so here we consider only 1, 2, …, 6 instances per each class. That is why the proposed algorithm (Table II) is the most accurate one in all cases (Fig. 6) . Its error rate is 3-4% lower, when compared to the PNN. Our algorithm is up to 9% more accurate than the PNN with clustering. However, it is slower than the PNN if only 4 images are available for each dog type. However, even in this case our approach takes only 1 ms to recognize one image, which is appropriate in most practical case. Moreover, in contrast to most of the other methods, classification time for the proposed modification (Fig. 1) practically does not depend on the training set size.
In order to make all object categorization results of this subsection more clear, we decided to summarize the accuracy and recognition time in Tables IV and Table V , respectively. We consider only one, rather typical case, in which the training set contains 10 images for each class. Here we examined both known ways to make the PNN faster, namely, the selection of the most representative prototypes ("PNN, clustering") and the dimensionality reduction with the PCA. In particular, we compute 128 and 256 principal components of features extracted by the GoogLeNet and VGGNet, respectively. Here one can notice that the VGGNet features lead to less accurate results when compared to the GoogLeNet features. Secondly, application of PCA causes much faster recognition. Moreover, the accuracy also slightly increases in most cases, though the error rate after application of PCA mostly decreases in our experiments with the lower training set. Thirdly, the problem of the small samples cannot be simply defined by the database size. For example, 10 images per class allow traditional classifiers (SVM, RF) to achieve relatively high accuracy for the Stanford Dogs dataset, but such amount of reference instances is absolutely not enough for these methods to recognize images from complex Caltech-256 dataset. Finally, these results are presented to demonstrate that our algorithm (Table I) is not the best classifier in all cases (see, e.g., Stanford Dogs dataset). However, we claim that the proposed modification (Fig. 1) allows to significantly decrease the image recognition time of the original PNN. In contrast to its known modifications, our approach is additionally characterized by the lower error rate. To conclude, the proposed algorithm is the most suitable method if the number of instances for each class is not large enough to train the (Fig. 6 ). In the last experiment we demonstrate the tuning of the cutoff parameter J ( Table I ). The dependence of the mean accuracy and classification time on the cut-off for the GoogLeNet features and 25 images per each class are shown in Fig. 8 and Fig. 9 , respectively. As it was expected, recognition time increases linearly (Fig.  9 ) with the increase of the cut-off J. The different number of classes in these datasets causes the different recognition time for the same J. The more is the cut-off, the better is the density estimate (12) , and, hence, the higher is the recognition accuracy. However, the difference in the error rates becomes not statistically significant for each dataset, when J exceeds a certain threshold (Fig. 8) . We should note that in previous experiments the parameter J was chosen to be much less than this threshold (e.g., ( ) (Fig. 6) , when its standard testing protocol with very the small training set (1-5 images per class) is used. As a matter of fact, such settings ideally fit the goals of our network (Fig. 1) . The mean accuracy (recall) of our method for Caltech-101 (Fig. 8) is approximately identical to the results of the state-of-the-art standalone classifiers known from the literature [7] , [65] . Thus, this experiment clearly demonstrates an advantage of our network (Fig. 1) over the baseline PNN: it is possible to find a compromise between performance and error rate by properly choosing the parameter J.
B. Unconstrained Face Recognition
Another group of experiments is focused on unconstrained face identification [66] . We used the Lightened CNN-C [52] . This network extracts D = 256 features from 128x128 grayscale image. The results for the PubFig83 [67] dataset with T = 13813 images and C = 83 classes are presented in Fig. 10 and Fig. 11 . The accuracies of all methods except the nearest centroid, the MLP and the PNN with clustering in this task are rather similar, though our modification is 0.5% more accurate when compared to the baseline PNN. At the same time, performance of our algorithm (Table I) gains of up to 4.5 times over the PNN and the k-NN. Our classifier is also 2.5-times faster than the SVM. Its time to recognize one face is even smaller that the average classification time of the reduced PNN with analysis of the clusters centroids.
In the last experiment we considered T = 66000 images from C = 1000 first classes of the CASIA-WebFace facial dataset [55] . It is one of the most difficult tasks in our study due to the large number of classes [12] . Fig. 12 and Fig. 13 present the estimates of the accuracy and recognition time, respectively.
In this task our network is considerably more accurate, than all other methods. Only MLP is characterized with similar accuracy if the training set is rather large. For example, our error rate is 1-4% lower than the error rate of the PNN. It is remarkable that conventional one-vs-all implementation of the SVM suffers from the large number of classes. Hence, our approach is 4.5% more accurate even when half of the images are stored in the training set. The gain in performance is even more noticeable. The usage of the exponential activations functions and the Fejér kernel speeds-up the PNN with the Gaussian Parzen kernel in 1.5-6 times. Despite the known reduction of the PNN, which decreases the accuracy at 2-3%, our approach still satisfies the statistical optimality property. Thus, we could say that the proposed modified network ( In this paper we proposed a novel modification of the PNN (Fig. 1) , which saves all advantages of the classical PNN including the fast training procedure and the convergence to the optimal Bayesian decision, but in theory the recognition performance and space complexity should be approximately 3 / 2 ) / ( C R -times lower. These improvements are achieved by replacement of the exponential activation function in the pattern layer of the PNN to the complex exponential function (7) . In the latter case it is possible to estimate the unknown probability densities using the simplified expressions of the trigonometric orthogonal expansions (10), (14) instead of the canonical kernel form (2) , (9) with brute force of all training instances. Hence, the run-time and memory complexity become proportional to the cut-off parameter J, which is typically much less than the number of instances of each class. In the experimental study we describe a protocol for comparing image recognition methods using the well-known datasets (Caltech-101, Caltech-256, PubFig83, etc.) in the context of small-sample-size problem. Experiments with contemporary deep neural network models proved that our implementation of the MAP procedure (1) could be considered very promising in various image recognition tasks because of its high accuracy and rather low computational complexity. For sure, the proposed algorithm (Table I) is not the most accurate classifier in all cases, especially, if the number of instances per each class is rather large (Table V) . However, it was shown that our approach makes it possible to deal with the drawbacks of the PNN caused by the brute force processing of all instances (1)-(3). Moreover, in contrast to the original PNN, our modification allows choosing the tradeoff between accuracy and computational complexity (Fig.  7,8 ).
An important research direction is the application of our approach in other classification tasks [68] , such as speech recognition, authorship attribution, etc. [18] . As the proposed classifier requires uncorrelated features from the range [-1; 1], it will be necessary to explore the normalization techniques for various features. Another important direction is the proper choice of the cut-off parameter (Fig. 7,8 ). The procedure of choosing the parameter J as the median ) ( * c J d (15) is appropriate only if the classes are balanced. It is also possible to investigate the implementation of the Bayesian networks [20] in our classifier in order to weaken the requirement of feature independence and evaluate the joint probability density functions only for several (2-3) dependent features. Finally, though our results for Caltech-101 dataset are rather inspiring, it is worth emphasizing that the fusion of classifiers [69] or simple stacking of descriptors for multi-scale features can improve the accuracy in 6-7% [7] . Hence, it is necessary to explore the usage of the proposed network in an ensemble of classifiers. 
